By employing the Gaussian decomposition method, the analytical formulas of the Gaussian-beam Z-scan traces have been derived for an optically thin material exhibiting both refractive and absorptive parts of third-order nonlinearity, with Gaussian or hyperbolic secant squared laser pulses of femtosecond duration. The formulas have been verified experimentally with femtosecond-pulsed Z scans on a carbon disulfide and acetone solution of a chalcone derivative (0:95C 18 H 17 ClO 4 · 0:05C 17 H 14 Cl 2 O 3 ). An efficient yet accurate analytical technique has been demonstrated for extracting both the nonlinear refraction coefficient and the nonlinear absorption coefficient from a single closed-aperture Z-scan trace.
Introduction
Recently, ultrafast-pulsed lasers (pulse widths < 250 fs) have been utilized extensively as a tool for the characterization of nonlinear materials promising a variety of photonic applications [1, 2] . For several decades, numerous techniques have been developed to determine optical nonlinearities [3] . Among these methods, single-beam Z-scan techniques [4] [5] [6] [7] [8] [9] [10] are capable of providing both the real and the imaginary parts of the third-order, nonlinear-optical susceptibility, which give rise to optical Kerr nonlinearity and nonlinear absorption (e.g., two-photon absorption), respectively. Thereby, Z-scan techniques have been widely applied to experimental investigations into various types of nonlinear material [3, 11, 12] . More significantly, if Z scans are carried out with ultrafast laser pulses of low repetition rates (1 kHz or less), thermo-optical effects or other nonlinear optical phenomena that occur on a longer time scale (> 1 ps) could be minimized or eliminated.
Despite the simplicity that Z scan provides in experiments, extraction of the nonlinear refractive index or the nonlinear absorption coefficient requires an extremely complex numerical computation. Hence, it is greatly desirable to develop an analytical theory for the analysis of Z-scan experiments with ultrafast laser pulses, which is much less demanding on numerical computation. We report the analytical formulas of the Gaussian-beam Z-scan traces, based on the Gaussian decomposition method, for the case where the third-order optical nonlinearities involved respond to laser pulses instantaneously. The temporal characteristics of the laser pulses on Z-scan traces have been considered as well. With this analytical theory, the determination of the nonlinear coefficients from experimentally measured Z-scan traces becomes much simpler and efficient.
To verify our theory, we conducted femtosecond-laser-pulsed Z-scan experiments on the optical nonlinearity of a carbon disulfide and acetone solution of a chalcone derivative
An efficient yet accurate analytical technique for extracting both the nonlinear refraction coefficient (γ) and the nonlinear absorption coefficient (β) from a single closed-aperture Z-scan trace has been demonstrated.
Theory
For the Z-scan experiments, a Gaussian laser beam propagating along the þz direction and with the coordinate origin at the Gaussian beam waist, the electric field can be written as
where
0 =z 2 Þ are the beam radius and the radius of curvature of the wavefront of the Gaussian beam at z, respectively. E 0 ðtÞ denotes the on-axis electric field amplitude at the focus and contains the temporal profile of the laser pulse. ω 0 , λ, k ¼ 2π=λ, and z 0 ¼ kω 2 0 =2 are the waist radius, the laser wavelength, the wave vectors and the Rayleigh length of the Gaussian beam, respectively.
For the sake of simplicity, we consider only a thin sample with a linear absorption coefficient α, a nonlinear absorption that is proportional to the light intensity with the nonlinear absorption coefficient β, and a third-order nonlinear refraction coefficient γ. Furthermore, we assume that the nonlinear response of the sample has a characteristic time much shorter than the duration of the laser pulse, i.e., the nonlinearity responds instantaneously to optical pulses. In this case, we can regard that the nonlinear effect depends on the instantaneous intensity of light inside the samples and each laser pulse is treated independently. Under the thin-sample approximation (implying that L ≪ z 0 , where L is the sample thickness) and the slowly varying envelope approximation, the equations describing the propagation of the electric field within the sample are given by In general, the far-field distribution of the beam must be evaluated numerically. When jqj < 1, however, Eq. (4) can be expressed as the superposition of a series of Gaussian beams with different waists by a binomial series expansion E e ðr; z; tÞ ¼ Eðr; z; tÞ expð−αL=2Þ
Each individual Gaussian beam from the exit plane of the sample propagates independently along the z axis in free space. The complex electric field at the aperture plane can be determined by resuming all the individual Gaussian beams with a propagation distance d from the exit plane of the sample to the aperture plane [13] : E a ðr; z; tÞ ¼ Eðr ¼ 0; z; tÞ expð−αL=2Þ
We can express the parameters in Eq. (6) as
The transmitted instantaneous power through the aperture can be given by spatially integrating E a ðr; z; tÞ up to the aperture radius r a :
where c, ε 0 , and n 0 are the speed of light in vacuum, the permittivity of vacuum, and the linear index of refraction, respectively. Taking into account the pulse temporal variation, the normalized energy transmittance, which is the quantity of interest for experimentalists, can be easily presented as
where P i ðtÞ ¼ πω 
where A mm0 represents the contribution of the pulse temporal shape to the Z-scan trace. If the Z-scan measurement is induced by a cw laser and the nonlinearity has reached the steady state, we take A mm0 ¼ 1, as reported previously [13, 14] . In contrast, for the laser pulses with a Gaussian temporal profile, A mm0 should be
For laser pulses with a hyperbolic secant squared temporal profile, A mm0 becomes
Obviously, the beam pulse shape should be precisely determined prior to measuring Z-scan traces because it will be taken into account when the results are analyzed.
For performable simulations, it is of great importance to find the optimum sum upper limit M in Eq. (16). To ensure a high level of accuracy, we find that the optimum sum upper limit M should be satisfied by the following transcendental equation for the given values of Δϕ 0 and q 0 :
In Eq. (16), S mm 0 reflects the influence of the aperture effect on the Z-scan trace. If s → 1, Eq. (19) reduces to S mm 0 ¼ 1=B mm 0 . Thus in this case all the energy transmitted by the sample is collected and detected, corresponding to the open-aperture Z-scan measurement. Such a Z-scan trace only reflects the effect of the absorptive nonlinearity and provides a clue to its origin [4] . The normalized transmittance for a Gaussian and a hyperbolic secant squared shape pulse can be derived as Eqs. (24) 
Of course, the above equations are only suitable for the case of jq 0 j < 1. Alternatively, if the aperture in the far field is small, i.e., s ≈ 0, then one obtains S mm 0 ¼ 1 from Eq. (19). Under the two-order approximation, the normalized transmittance for the cw laser has the following form from Eq. (16)
Under Gaussian-shaped pulse excitation, the expression for the Z-scan trace is found to be
While the Z-scan measurements use a hyperbolic secant squared pulses, the normalized transmittance should be
Apparently, the normalized transmittance is not a linear combination of purely refractive nonlinearity and purely absorptive nonlinearity, but it contains the coupling term of Δϕ 0 and q 0 in the presence of the simultaneous refractive and absorptive nonlinearity. It should be noted that Eqs. (26)- (28) are valid only for a case with a small nonlinearity. Figure 1 illustrates the closed-and open-aperture Z-scan traces for a cw laser (solid curve), a Gaussian pulsed laser (dashed curve), and a hyperbolic scant squared pulsed laser (dotted curve), respectively. The numerical parameters used are q 0 ¼ 0:2π, Δϕ 0 ¼ π, s ¼ 0:2, and the sum upper limit M ¼ 11 in Eq. (16) . Clearly, the determination of the nonlinear coefficients will lead to high errors if one uses the Z-scan theory under cw lasers [see Eq. (16)] to fit femtosecond-pulsed Z-scan experimental results, whereas the difference of Z-scan traces between two types of pulse is negligible. In many Z-scan theories published [7] [8] [9] [13] [14] [15] [16] , the attention was focused on the characteristics of the Z-scan traces measured under cw laser excitation, or the nonlinearity has reached the steady state. Obviously, such theories may lead to a considerable discrepancy in the analysis of Z scans obtained under the excitation of ultrafast-pulsed lasers. However, it should be pointed out that the above conclusion [see Eq. (16)] is applicable to Z scans with arbitrary nonlinear refraction phase shift Δϕ 0 , arbitrary aperture s, and a weak nonlinear absorption phase shift jq 0 j < 1.
By performing ultrafast-pulsed Z-scan experiments, the nonlinear absorption coefficient β is unambiguously determined from the open-aperture Z-scan experiment when higher-order nonlinear effects are negligible at the irradiance levels employed. However, the extraction of the nonlinear refraction coefficient γ is less straightforward, and it requires complex analysis due to the absorptive and refractive nonlinearity simultaneously contributing to the closed-aperture Z-scan trace. For this reason, some methods were proposed [4, [14] [15] [16] [17] . For example, Yin et al. [17] offered a symmetric analysis method to simultaneously obtain the absorptive and refractive nonlinearity by a single closed-aperture Z-scan trace. This data processing is simplified yet introduces the probability of high error [16] . Zang et al. modified Yin's method and achieved higher accuracy. However, the results obtained require complex calculations [14] . In Section 4, we will demonstrate that by applying Eq. (16) the two nonlinear parameters (γ and β) can be determined simultaneously by fitting to a single experimental curve of the closed-aperture Z scan.
Experiment
To demonstrate, we carried out the femtosecond Z-scan experiments using two samples: (i) carbon disulfide (CS 2 ) and (ii) a chalcone derivative (0:95C 18 H 17 ClO 4 · 0:05C 17 H 14 Cl 2 O 3 , labeled 3TC) in an acetone solution with a concentration of 0:2 mol=l. The synthesis and chemical structure of 3TC have been reported elsewhere [18] . CS 2 is chosen due to its well-characterized exhibition of absorptive and refractive nonlinearity simultaneously on the femtosecond time scale [11] . The
of the maximum) at 780 nm wavelength and 1 kHz repetition rate. The spatial distribution of the pulses was nearly Gaussian after passing through a spatial filter. Furthermore, the temporal profile of the pulses was also nearly Gaussian as confirmed by the transient absorption measurement [12] . The position of the sample was scanned through the focal point of a beam along its optical axis. The transmitted pulse energy in the presence or absence of an aperture at the far field was collected by a detector (Laser Probe, PkP-465 HD) as a function of the sample position, z, determining the closed-and openaperture Z scans, respectively. The linear transmittance of the far field, s, was measured to be 0.28 for the closed-aperture Z scan. The sample solutions studied were contained in 2 mm thick quartz cells. To enhance the signal to noise in experiments and to reduce the ambiguities such as high-order nonlinearity [13] in the high-intensity regime, the Z scans were measured at moderate laser intensities (I 0 ≤ 100 GW=cm 2 ). We conducted the experiments at several different levels of laser intensities and found that the nonlinear coefficients were independent of the laser intensity, confirming that the samples exhibit pure third-order nonlinearities.
The experimental results for CS 2 at I 0 ¼ 68 GW=cm 2 were shown in Fig. 2 . The open-aperture Z scan displays a symmetric valley with respect to the focus, suggesting that the sample possesses twophoton absorption. For the open-aperture Z scan in Fig. 2 , from the best fit to Eq. (24), the value of β is found to be ð3:68 AE 0:03Þ × 10 −2 cm=GW for CS 2 . The closed-aperture Z-scan trace exhibits an enhanced valley and a suppressed peak; such a characteristic of valley-to-peak configuration indicates a presence of the self-focusing effect. To quantitatively determine the nonlinear absorption coefficient β as well as the nonlinear refraction coefficient γ, one could directly fit our analytical formulas [Eq. (16) ] to the closedaperture Z-scan experimental data. We applied the subroutine NonlinearFit of Mathematica [19] , which uses a least-squares fit method for evaluated nonlinear minimization, to extract both β and γ. The procedure of NonlinearFit should be built as NonlinearFit[data, model, variables, parameters] . In this procedure, data are the closed-aperture Z-scan experimental data, model is Eq. (16), variables are the sample position z, and parameters are the unknown parameters (both β and γ). By performing this subroutine, one does not choose value ranges for varying the fitting parameters. Furthermore, the obtained parameters (both β and γ) are unique. As an example, the best fit shown in Fig. 2 (16), is close to the one evaluated from the open-aperture Z-scan measurement when the experimental uncertainty is taken into account. This offers the opportunity to determine the refractive and absorptive nonlinearity accurately and simultaneously by a single closed-aperture Z-scan experiment.
To further demonstrate, we performed the Z-scan experiments for acetone and an acetone solution of 3TC, respectively. Figure 3(a) illustrates Z-scan traces measured for acetone at I 0 ¼ 68 GW=cm 2 . Obviously, this standard sample reveals a selffocusing Kerr nonlinearity. By best fit to the experimental data, the nonlinear refraction coefficient γ is found to be ð5:28 AE 0:29Þ × 10 −7 cm 2 =GW [or ð1:71 AE 0:09Þ × 10 −13 esu] for acetone, which is consistent with the one reported previously [3] . Figure 3(b) plots an open-and closed-aperture Z scan for the acetone solution of 3TC at I 0 ¼ 68 GW=cm 2 . Compared with Figs. 3(a) and 3(b) , we can conclude that the absorptive nonlinearity is caused by the presence of 3TC. From a single closed-aperture Z-scan trace as shown in Fig. 3(b) , we found β ¼ ð1:88 AE 0:11Þ × 10 −2 cm=GW and γ ¼ ð1:07 AE 0:10Þ × 10 −6 cm 2 =GW for the acetone solution of 3TC. The absorptive and refractive nonlinearities of 3TC excited with 130 fs laser pulses at 780 nm wavelength originate from the two-photon absorption and electronic nonlinearity, respectively.
Conclusion
Based on the Gaussian decomposition method, we have presented the analytical formulas of Gaussian-beam Z-scan traces for arbitrary aperture and arbitrary nonlinear refraction phase shift in a thin nonlinear material possessing both refractive and absorptive parts of third-order nonlinearity. The temporal characteristics of the laser pulses used in Z-scan experiments have been considered. The theory has been compared with femtosecond pulsed Z scans on carbon disulfide and 3TC in an acetone solution. We have also demonstrated an efficient yet accurate analytical technique for extracting both refractive and absorptive nonlinearity from a single closed-aperture Z-scan trace.
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